It was recently found that the Lee-Huang-Yang (LHY) correction to the mean-field Hamiltonian suppresses the collapse and creates stable localized modes (two-component "quantum droplets", QDs) in two and three dimensions. We construct two-dimensional self-trapped modes in the form of QDs with vorticity S embedded into each component. The QDs feature a flat-top shape, which expands with the increase of S and norm N . An essential finding, produced by a systematic numerical analysis and analytical estimates, is that the vortical QDs are stable (which is a critical issue for vortex solitons in nonlinear models) up to S = 5, for N exceeding a certain threshold value. In the condensate of 39 K atoms, in which QDs with S = 0 and a quasi-2D shape were created recently, the vortical droplets may have radial size 30 µm, with the number of atoms in the range of 10 4 − 10 5 . It is worthy to note that hidden-vorticity states in QDs with topological charges S+ = −S− = 1 in its components, which are prone to strong instability in other settings, have their stability region too, although it may be located beyond applicability limits of the underlying model. Dynamics of elliptically deformed QDs, which form rotating elongated patterns or ones with strong oscillations of the eccentricity, as well as collisions of QDs, are also addressed.
The mean-field (MF) approximation [1, 2] offers an extremely accurate description of one-, two, and threedimensional (1D, 2D, 3D) matter-wave patterns, provided that the multidimensional ones are not made unstable by the occurrence of the collapse [3] . However, the usual cubic nonlinearity, if it represents attractive contact interactions between atoms in Bose-Einstein condensates (BECs), gives rise to the critical and supercritical collapse in the 2D and 3D geometries, respectively [4, 5] , which makes search for physically relevant mechanisms stabilizing 2D and 3D solitons and solitary vortices a challenging problem [3, 6] . If the physical setting admits the inclusion of repulsive quintic nonlinearity in addition to the cubic self-focusing, the balance of these terms stabilizes 2D and 3D fundamental solitons, with vorticity S = 0, as well as a part of 2D and 3D vortex-soliton families, with S ≥ 1 [7] [8] [9] and S = 1 [10] , respectively. While the stabilization of fundamental 2D solitons by the cubic-quintic nonlinearity has been demonstrated in optics [11] , its relevance in the context of BEC is doubtful. A recently found possibility to create 2D vortex solitons, which are stable, at least, up to S = 5, was predicted in the framework of the binary BEC with its two components coupled by a microwave field [12] . Stabilization of higher-order vortices with S > 1 is an especially interesting issue.
It was also recently found that the spin-orbit coupling (SOC) in binary BECs with the cubic attraction makes otherwise unstable 2D solitons an absolutely stable ground state [13] [14] [15] , and transforms unstable 3D soli- * Electronic address: kingprotoss@gmail.com tons into metastable ones [16] . However, all modes with overall vorticity S ≥ 1 added to them are completely unstable in the SOC system [13] .
A new approach to the creation of stable self-trapped 2D and 3D states in the BEC was recently elaborated in Refs. [17, 18] in a binary BEC, with self-repulsion in each component and dominating inter-component attraction (the system which includes linear Rabi coupling between the components was considered too [19] ). In this setting, the stability against the collapse is provided by the Lee-Huang-Yang (LHY) correction to the MF dynamics, originating from quantum fluctuations around the MF states [20] . In terms of the respective 3D Gross-Pitaevskii equations (GPEs), the LHY correction is represented by quartic self-repulsive terms, which arrest the MF collapse induced by the cross-attraction between the components [17] (or by the three-body attraction in 1D [21] ). The analysis predicts stable quantum droplets (QDs) of an ultradilute superfluid, while traditional solitons in BEC were created as quantum-gas clouds [22] [23] [24] [25] [26] [27] [28] . Very recently, 3D (in fact, quasi-2D, see below) QDs have been created in the binary BEC composed of 10 4 − 10 5 atoms of 39 K, with appropriate signs of the inter-and intracomponent interactions [29]- [32] (the corresponding scattering lengths in 39 K may be controlled by the Feshbach resonance [33, 34] [35] and [36] , respectively. The dynamics of QDs in dipolar BECs was analyzed in detail [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] , including unstable vortical QDs [47] . The interplay of the LHY and SOC effects was addressed in Refs. [48] and [15] .
The binary BEC in 3D is governed by the GPE system with the cubic self-and cross-interaction terms, supplemented by the above-mentioned LHY-induced quartic self-repulsion [18] . For the quasi-2D BEC, strongly confined in the transverse direction, the GPE-LHY system reduces to a 2D form [18] , which essentially simplifies for 2D modes with size l ≫ √ a +,− a ⊥ , where a +,− and a ⊥ are, respectively, the self-repulsion scattering lengths of each component, and the transverse-confinement length [15] . This condition definitely holds for relevant values, l ∼ 10 µm, a +,− ∼ 3 nm, a ⊥ 1 µm [29, 31, 32] , leading to the 2D scaled system for wave functions ψ ± of the two components [15, 18] , with coordinates and time additionally rescaled by (x, y) → (g/2 √ π) (x, y) , t → g 2 /4π t:
where g > 0 is the coupling constant, and the symmetry between the components is assumed, a 1 = a 2 , which approximately holds in the experimental situation [29, 31] . Obviously, system (1) admits reduction to a single equation, with ψ + = ψ − ≡ ψ/ √ 2:
which are characterized by the total norm, N = dr|ψ| 2 . Our objective is to construct self-trapped modes in the form of 2D vortex QDs and explore their stability (previously, only zero-vorticity 2D solutions, whose stability is obvious, were addressed [18] ). This objective is relevant as the recently created droplets [29, 31, 32 ] feature a strongly oblate form, with the ratio of the radial and transverse sizes 10. QD solutions to Eq. (2), with embedded vorticities S = 0, 1, 2, ... , are looked for, in polar coordinates (r, θ), as ψ(r, t) = φ(r) exp (−iµt + iSθ), where µ < 0 is a chemical potential, and real amplitude function φ(r) obeys equation
The same equation describes two-component QDs with hidden vorticity (HV), in the form of ψ ± (r, t) = φ(r) exp (−iµt ± iSθ) [49] , although their stability is completely different, as shown below. Localized solutions of Eq. (3) with fixed N and S were obtained by means of the imaginary-time-integration method (which works for vortex configurations [50, 51] ), applied to Eq. (2) with input φ 0 (r) = Cr S exp(−αr 2 + iSθ), α > 0. The stability of the stationary modes was analyzed by means of the linearized Bogoliubovde Gennes equations [1, 2] for perturbed wave functions, ψ ± = φ ± (r) + w ± e −iΛt+iLθ + v * ± e iΛ * t−iLθ e −iµt+iSθ , substituted in Eq. (1), where w ± and v ± are perturbation eigenmodes with integer azimuthal index L, and the imaginary part of eigenvalues Λ determines the instability growth rate, if any (see, e.g., Ref. [52] ). The so predicted (in)stability was then verified by simulations of Eq. (1). The numerical analysis demonstrates that all the QDs with S = 0 are stable, with a typical flat-top profile, as shown in Fig. 1 . Their effective area,
is displayed as a function of N , along with the largest local density, |ψ (r) | 2 , and µ in Fig. 1 . In this and other figures,the length and time unities correspond to ∼ 1 µm and ∼ 1 ms, with N = 100 corresponding to ∼ 5000 atoms, in terms of the 39 K condensate [29, 31, 32] . Note that the µ(N ) curve satisfies the necessary stability condition in the form of the Vakhitov-Kolokolov criterion [4, 5, 53] , dµ/dN < 0.
The flat-top QDs may be analyzed by means of the Thomas-Fermi (TF) approximation, neglecting the derivatives in Eq. (3) with S = 0. The respective energy density of the flat field, which carries the peak density, n p ≡ |φ p | 2 , of the QD profile [see Fig. 1(a) ] is ǫ(n p ) = n 2 p ln(n p / √ e). With area A = N/n p of the flat-top QD, its total energy is E ≈ Aǫ(n p ) = N n p ln(n p / √ e). Then, n p is determined by the minimization of the energy: dE/dn p = 0, yielding n (TF) p = 1/ √ e ≈ 0.6065, which is very close to the numerically found values, see Fig. 1(b) . The respective chemical potential is
, in agreement with numerical data displayed in Fig. 1(c2) .
Typical examples of numerically found vortex QDs with N = 1000 are displayed in Fig. 2 , which shows that they are flat-top rings, with inner and outer radii growing with the increase of S. The inner radius may be roughly predicted using the TF approximation (which is relevant for vortices in various models [54] ), applied to Eq. (3): µ − φ 2 ln φ 2 = S 2 / 2r 2 , for φ = 0. This equation shows that φ(r) keep decreasing, following the decrease of r towards r = 0, up to φ min = 1/ √ e. Substituting here φ = φ min and µ = µ TF , we find that φ = φ min is attained at At r < r min , the above TF solution cannot be used, hence it jumps to φ = 0. The area of the vortex QD is shown, as a function of N , in Fig. 1(b) , which implies that it is still estimated, as above, by A = √ eN . Comparison with Figs. 2 and 3(a1) demonstrates that the vortex' internal radius grows quasi-linearly with S and does not depend on N , as predicted by Eq. (5), the numerically found values of the radius being close to those given by Eq. (5).
To address the stability of the vortices, we first note that, if they are shaped as relatively narrow annuli (see Fig. 2 ), it is possible to produce an estimate based on the consideration of the modulational instability (MI) in the 1D reduction of Eq. (1) for the narrow ring. The result is that MI does not occur if the density is large enough, n ≡ |ψ|
. Coupling constant g from Eq.
(1) does not appear in this condition, suggesting that the full stability may be insensitive to g. For the HV states the analysis produces a more restrictive condition for the absence of MI: n − πgS 2 /R 2 ln (en) > (2πS/R) 2 , where R is the ring's radius, suggesting that HV modes are more prone to instability, depending on the value of g. These predictions are confirmed by numerical results reported below.
Numerical data reveal that vortex QDs exist above a minimum value of the norm, N > N min [which is not surprising, as, in the framework of the cubic GPE, (un- stable) 2D solitons with each value of S exist at a single value of N [4, 5] ], and they are stable above a certain threshold, i.e., at N > N th > N min , see Fig. 3(a2) which shows that N th steeply increases with S. As a result, stable vortices do not exist at S ≥ 6. Figures 3(b1,b2) demonstrate that the peak density of vortex rings quickly tends to the TF limit, n (TF) p , with the increase of N , while µ approaches the respective limit µ TF much slower, due to the contribution of the vorticity. In the interval of N min < N < N th , unstable vortices split into fragments, see an example for S = 2 in Fig. 3(c) , which is a typical outcome of the evolution of unstable vortex solitons [7] [8] [9] , [49] . Translating the scaled units into physical ones [29, 31, 32] , we conclude that the predicted modes may have radial size 30 µm and transverse thickness 1 µm, containing 10 4 − 10 5 atoms, with density ∼ 10 14 cm −3 . We stress that, although the full GPE-LHY system (1) contains coupling constant g, the stability boundary, N th (S), does not depend on g (in agreement with the above approximation based on the MI analysis), i.e., N th (S) is determined by the analysis performed in the framework of Eq. (2), from which g was scaled out, while perturbations breaking the constraint ψ + = ψ − , which reduces Eq. (1) to Eq. (2), do not introduce additional instabilities.
On the contrary to the modes with explicit vorticity, the stability of those carrying the HV, S + = −S −1 = 1, strongly depends on g, making the use of Eq. (1) crucially important for the identification of the stability region, see Fig. 4(a) . The region is restricted to 4π/g < 0.13 and N > N th , with N th ≈ 60 at g → ∞, growing to N th ≈ 112 at finite values of g. The plot identifies an optimum value of the coupling constant, g ≈ 114, at which the stability region of the HV annuli extends to extremely large values of the norm. A typical example of a stable HV mode with large N is displayed in Fig. 4(b) for (N, g) = (8000, 114). A caveat is that the applicability of the underlying model to so large values of g is not obvious, but the possibility of the existence of stable HV states is worth noting. All higher-order HV states, with S + = −S − ≥ 2, were found to be unstable.
Interaction between initially separated fundamental (S = 0) in-phase QDs leads to their merger into a single prolate droplet (which is natural behavior for the fluid phase), that performs strong eccentricity oscillations, as shown in Fig. 5(a1-a4) . This excited mode resembles eccentricity oscillations performed by elliptically deformed circular kinks in the 2D sine-Gordon model [55] . Another option is the merger of two fundamental QDs, with opposite kicks (torque) initially applied to them, as shown in Fig. 5(b1-b4) . This pair merges into a rotating prolate droplet. A different dynamical regime is rotation of an oval-shaped vortex with S = 1, see Fig. 5(c1-c4) . The sign of S = +1 or −1 correlates with the counterclockwise or clockwise direction of the rotation. These results demonstrate a variety of dynamical regimes which the present model is able to generate.
Finally, collisions between moving QDs were investigated systematically too. The conclusion is similar to what happens in other nonintegrable models [7, 13] : fast moving QDs pass through each other quasi-elastically, while slowly moving ones collide inelastically. In particular, slowly colliding QDs with S = 0 merge into a single droplet, while slowly colliding vortices suffer destruction.
In conclusion, we have investigated possibilities of the creation of effectively two-dimensional self-trapped QDs (quantum droplets) in the model based on nonlinearily coupled GPEs (Gross-Pitaevskii equations) for the binary BEC, with self-repulsion in each component and dominating attraction between them, the stabilization against the collapse being provided by the LHY (LeeHuang-Yang) effects. We have thus arrived at the coupled GPE system, with cubic self-interaction terms multiplied by the additional log factor. We have constructed families of two-component flat-top QDs, with vorticity S embedded in each component. While the entire family with S = 0 is stable, an essential finding is the stability region for 1 ≤ S ≤ 5, all the modes with S ≥ 6 being unstable. These results are universal, in the sense that the existence and stability boundaries for the QDs with all S do not depend on the value of the coupling constant, g. A possible stability region is also identified for HV (hidden-vorticity) modes, with vorticities +1 and −1 in the two components. Unlike the QDs with explicit vorticity, stability of the HV modes depends on g, all states with S + = −S − ≥ 2 being unstable. More complex robust dynamical modes are constructed too, viz., elliptically deformed QDs, which exhibit either strong eccentricity oscillations or steady rotation.
These results may find direct realizations in the current experiments with QDs, which actually address nearly-2D configurations [29, 31, 32] . A challenging possibility is to seek for vortex QDs stabilized by the LHY terms in the full three-dimensional model [56] .
